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In this paper, we establish several new Lyapunov-type inequalities for two classes of one-
dimensional quasilinear elliptic systems of resonant type, which generalize or improve all
related existing ones. Then we use the Lyapunov-type inequalities obtained in this paper
to derive a better lower bound for the generalized eigenvalues of the one-dimensional
quasilinear elliptic system with the Dirichlet boundary conditions.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Consider one-dimensional quasilinear elliptic system:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
−(∣∣u′1(t)∣∣p1−2u′1(t))′ = λ1α1q(t)∣∣u1(t)∣∣α1−2∣∣u2(t)∣∣α2 · · · ∣∣un(t)∣∣αnu1(t),
−(∣∣u′2(t)∣∣p2−2u′2(t))′ = λ2α2q(t)∣∣u1(t)∣∣α1 ∣∣u2(t)∣∣α2−2 · · · ∣∣un(t)∣∣αnu2(t),
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
−(∣∣u′n(t)∣∣pn−2u′n(t))′ = λnαnq(t)∣∣u1(t)∣∣α1 ∣∣u2(t)∣∣α2 · · · ∣∣un(t)∣∣αn−2un(t),
(1.1)
the functions ui in problem (1.1) satisfy the Dirichlet boundary conditions
ui(a) = ui(b) = 0, ui(t) > 0, ∀t ∈ (a,b), i = 1,2, . . . ,n, (1.2)
where 1 < pi < ∞, αi > 0 satisfy ∑ni=1 αipi = 1, and q(t) is a real-valued positive continuous function deﬁned on R.
When n = 1, problem (1.1) with (1.2) reduces to the one-dimensional p-Laplacian(∣∣u′(t)∣∣p−2u′(t))′ + λq(t)∣∣u(t)∣∣p−2u(t) = 0 (1.3)
with the Dirichlet boundary condition
u(a) = u(b) = 0, u(t) > 0, ∀t ∈ (a,b), (1.4)
where 1 < p < ∞ and q(t) > 0 is a real-valued positive continuous function deﬁned on R.
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X.H. Tang, X. He / J. Math. Anal. Appl. 385 (2012) 72–85 73Eigenvalue problems for quasilinear operators of p-Laplace type like (1.3) with (1.4) have received considerable attention
in the last years (see, e.g., [1,2,9,11,12,18,21–23]). Some lower bounds were obtained by using an appropriate generalization
of the Boggio inequality in [14]. Moreover, symmetrization techniques were applied to obtain bounds of eigenvalues in [3,4],
see also the references therein. However, up to 2006, there is no similar works for p-Laplacian systems.
In 2006, Napoli and Pinasco [17] introduced the notation of generalized eigenvalues of the following one-dimensional
quasilinear elliptic system of resonant type{−(∣∣u′1(t)∣∣p1−2u′1(t))′ = λ1α1q(t)∣∣u1(t)∣∣α1−2∣∣u2(t)∣∣α2u1(t),
−(∣∣u′2(t)∣∣p2−2u′2(t))′ = λ2α2q(t)∣∣u1(t)∣∣α1 ∣∣u2(t)∣∣α2−2u2(t) (1.5)
with the Dirichlet boundary conditions
u1(a) = u1(b) = 0 = u2(a) = u2(b), u1(t) > 0, u2(t) > 0, ∀t ∈ (a,b), (1.6)
where 1 < p1, p2 < ∞, α1,α2 > 0 satisfy α1p1 +
α2
p2
= 1, and q(t) is a real-valued positive continuous function deﬁned on R.
Moreover, they found a hyperbolic type function h(λ1) deﬁning a region which contains all the generalized eigenvalues
(λ1, λ2) of (1.5) with (1.6):






















 2α1+α2 , (1.8)
if the following quasilinear system{−(∣∣u′1(t)∣∣p1−2u′1(t))′ = f1(t)∣∣u1(t)∣∣α1−2∣∣u2(t)∣∣α2u1(t),
−(∣∣u′2(t)∣∣p2−2u′2(t))′ = f2(t)∣∣u1(t)∣∣α1 ∣∣u2(t)∣∣α2−2u2(t) (1.9)
has a solution (u1(t),u2(t)) satisfying (1.6), where p1, p2, α1 and α2 are the same as those of (1.5), and f1(t) and f2(t)
are real-valued positive continuous functions deﬁned on R. More related works can be found in [5,6] and the references
therein.




∣∣q(t)∣∣dt > 4, (1.10)
which was established by Lyapunov [16] in 1907, if Hill’s equation
u′′(t) + q(t)u(t) = 0 (1.11)
has a real solution u(t) such that (1.4) holds.
We are aware of the best Lyapunov inequality for Eq. (1.11) is
b∫
a
q+(t)(t − a)(b − t)dt > b − a, (1.12)
was obtained by Hartman and Wintner [13] in 1951, where and in the sequel q+(t) = max{q(t),0}.









q+(t)dt > 2p, (1.13)
if the second-order half-linear differential equation(
r(t)
∣∣u′(t)∣∣p−2u′(t))′ + q(t)∣∣u(t)∣∣p−2u(t) = 0 (1.14)
74 X.H. Tang, X. He / J. Math. Anal. Appl. 385 (2012) 72–85has a solution u(t) satisfying (1.4), where p > 1, r(t) is a real-valued positive continuous function deﬁned on R. The same
Lyapunov-type inequality (1.13) was obtained in Dos˘lý and R˘ehák [10], Lee et al. [15] and Pinasco [19,20].




q+(t)dt > 4, (1.15)
not the best Lyapunov inequality (1.12) for Hill’s equation (1.11). In fact, so far, there is no better than inequality (1.13) for
Eq. (1.14).
More recently, by adopting the method used in Napoli and Pinasco [17], Cakmak and Tiryaki [7,8] generalized Lyapunov-
type inequality (1.8) to the following two more general quasilinear systems{−(r1(t)∣∣u′1(t)∣∣p1−2u′1(t))′ = f1(t)∣∣u1(t)∣∣α1−2∣∣u2(t)∣∣α2u1(t),
−(r2(t)∣∣u′2(t)∣∣p2−2u′2(t))′ = f2(t)∣∣u1(t)∣∣β1 ∣∣u2(t)∣∣β2−2u2(t) (1.16)
and ⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
−(∣∣u′1(t)∣∣p1−2u′1(t))′ = f1(t)∣∣u1(t)∣∣α1−2∣∣u2(t)∣∣α2 · · · ∣∣un(t)∣∣αnu1(t),
−(∣∣u′2(t)∣∣p2−2u′2(t))′ = f2(t)∣∣u1(t)∣∣α1 ∣∣u2(t)∣∣α2−2 · · · ∣∣un(t)∣∣αnu2(t),
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
−(∣∣u′n(t)∣∣pn−2u′n(t))′ = fn(t)∣∣u1(t)∣∣α1 ∣∣u2(t)∣∣α2 · · · ∣∣un(t)∣∣αn−2un(t),
(1.17)
respectively. Speciﬁcally, under the following two hypotheses:
(H1) r1(t), r2(t), f1(t) and f2(t) are real-valued continuous functions deﬁned on R and r1(t) > 0 and r2(t) > 0 for all t ∈R;
(H2) 1 < p1, p2 < ∞, α1,α2, β1, β2 > 0 satisfy α1p1 +
α2
p2






























 2α2+β1 , (1.18)
if system (1.16) has a solution (u1(t),u2(t)) satisfying (1.6), where and in the sequel f
+
i (t) = max{ f i(t),0} for i = 1,2. Under
another hypothesis:
(H3) f i(t), i = 1,2, . . . ,n are real-valued continuous functions deﬁned on R, and 1< pi < ∞ and αi > 0 satisfy ∑ni=1 αipi = 1.








 2A(b − a)1−A, (1.19)
where A=∑ni=1 αi , if system (1.17) has a solution (u1(t),u2(t), . . . ,un(t)) satisfying the boundary value conditions:
ui(a) = ui(b) = 0, ui(t) = 0, ∀t ∈ (a,b), i = 1,2, . . . ,n, (1.20)
where and in the sequel f +i (t) = max{ f i(t),0} for i = 1,2, . . . ,n.
Motivated by Napoli and Pinasco [17] and Cakmak and Tiryaki [7,8], the purpose of this paper is to improve Lyapunov-
type inequalities (1.18) and (1.19) for system (1.16) and the following more general system than (1.17)⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
−(r1(t)∣∣u′1(t)∣∣p1−2u′1(t))′ = f1(t)∣∣u1(t)∣∣α1−2∣∣u2(t)∣∣α2 · · · ∣∣un(t)∣∣αnu1(t),
−(r2(t)∣∣u′2(t)∣∣p2−2u′2(t))′ = f2(t)∣∣u1(t)∣∣α1 ∣∣u2(t)∣∣α2−2 · · · ∣∣un(t)∣∣αnu2(t),
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
−(r (t)∣∣u′ (t)∣∣pn−2u′ (t))′ = f (t)∣∣u (t)∣∣α1 ∣∣u (t)∣∣α2 · · · ∣∣u (t)∣∣αn−2u (t),
(1.21)n n n n 1 2 n n






a [r(τ )]1/(1−p) dτ )p−1(
∫ b
t [r(τ )]1/(1−p) dτ )p−1
(
∫ t
a [r(τ )]1/(1−p) dτ )p−1 + (
∫ b
t [r(τ )]1/(1−p) dτ )p−1
q+(t)dt > 1 (1.22)
for the second-order half-linear differential equation (1.14). In particular, Lyapunov-type inequality (1.22) reproduces the
best Lyapunov inequality (1.12) for Hill’s equation (1.11) when p = 2 and r(t) = 1.
As an application of our Lyapunov-type inequalities, we can obtain a lower bound for the generalized eigenvalues prob-
lem (1.1) with (1.2). When n = 2, we ﬁnd another hyperbolic type function g(λ1) deﬁning a region which contains all the
generalized eigenvalues (λ1, λ2) of (1.5) with (1.6):















We can show that g(λ1) > h(λ1), see (4.4) in Section 4.
2. Lyapunov-type inequalities for system (1.16)
































Theorem2.1. Suppose that hypotheses (H1) and (H2) are satisﬁed. If system (1.16) has a solution (u1(t),u2(t)) satisfying the boundary
value conditions:
u1(a) = u1(b) = 0 = u2(a) = u2(b), u1(t) ≡ 0, u2(t) ≡ 0, ∀t ∈ [a,b], (2.3)




















































∣∣u1(t)∣∣β1 ∣∣u2(t)∣∣β2 dt. (2.6)
It follows from (2.1), (2.3) and the Hölder inequality that












































∣∣u′1(τ )∣∣p1 dτ , a t  b. (2.8)













∣∣u′1(τ )∣∣p1 dτ , a < t < b. (2.10)






∣∣u′1(τ )∣∣p1 dτ . (2.11)











∣∣u′1(τ )∣∣p1 dτ . (2.13)















∣∣u′1(τ )∣∣p1 dτ ,
which, together with the Hölder inequality, implies that there exists a constant c1 such that
r1(τ )
∣∣u′ (τ )∣∣p1 = c1[r1(τ )]1/(1−p1), a τ  t∗. (2.14)1
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r1(τ )
∣∣u′1(τ )∣∣p1 = c2[r1(τ )]1/(1−p1), t∗  τ  b. (2.15)
Since u′1(τ ) is continuous at τ = t∗ , then (2.14) and (2.15) imply that c1 = c2. If c1 = c2 = 0, then u′1(τ ) = 0 for τ ∈ [a,b],
it follows from (2.7) that u1(t) = 0 for t ∈ [a,b], which contradicts (2.3). If c1 = c2 = 0, then |u′1(τ )| > 0 for τ ∈ [a,b], it
follows from (2.7) that u1(b) = 0, which contradicts the fact that u1(b) = 0. Therefore, (2.10) holds.













































































ζ1(t) + η1(t) f
+




ζ1(t) + η1(t) f
+
2 (t)dt. (2.18)






∣∣u′2(τ )∣∣p2 dτ , a < t < b. (2.19)













































































ζ2(t) + η2(t) f
+




ζ2(t) + η2(t) f
+
2 (t)dt. (2.22)




∣∣u1(t)∣∣p1 dt > 0. (2.23)




∣∣u1(t)∣∣p1 dt = 0. (2.24)














∣∣u1(t)∣∣α1 ∣∣u2(t)∣∣α2 dt = 0.
It follows from (H1) that
u′1(t) ≡ 0, a t  b. (2.25)




∣∣u1(t)∣∣p1 dt > 0,
b∫
f +1 (t)
∣∣u2(t)∣∣p2 dt > 0,
b∫
f +2 (t)
∣∣u2(t)∣∣p2 dt > 0. (2.26)
a a a









22 > 1. (2.27)
It follows from (2.18), (2.22), (2.27) that (2.4) holds. 
When α1 = β2 = p1 = p2 = p, α2 = β1 = 0, r1(t) = r2(t) = r(t) and f1(t) = f2(t) = q(t), system (1.16) reduces to the
second-order half-linear differential equation (1.14). Hence, we can derive the following Lyapunov-type inequality for (1.14)
from (2.16) and (2.23).
Theorem 2.2. Suppose that p > 1 and r(t) > 0. If Eq. (1.14) has a solution u(t) satisfying






a [r(τ )]1/(1−p) dτ )p−1(
∫ b
t [r(τ )]1/(1−p) dτ )p−1
(
∫ t
a [r(τ )]1/(1−p) dτ )p−1 + (
∫ b
t [r(τ )]1/(1−p) dτ )p−1































it follows from Theorem 2.2 that the following corollary holds.

















dt > 2. (2.30)
Remark 2.4. It is easy to see that Lyapunov-type inequalities (2.29) and (2.30) are better than (1.13). Moreover, Lyapunov-
type inequality (2.29) reproduces the best Lyapunov inequality (1.12) for Hill’s equation (1.11) when p = 2 and r(t) = 1.
Corollary 2.5. Suppose that hypotheses (H1) and (H2) are satisﬁed. If system (1.16) has a solution (u1(t),u2(t)) satisfying (2.3), then






































> 2(p1α2+p2β1)/p1p2 . (2.31)
Proof. Since




, i = 1,2,
it follows from (2.4) and (H2) that (2.31) holds. 
Corollary 2.6. Suppose that hypotheses (H1) and (H2) are satisﬁed. If system (1.16) has a solution (u1(t),u2(t)) satisfying (2.3), then

























> 2α2+β1 . (2.32)
























, i = 1,2,
it follows from (2.31) and (H2) that (2.32) holds. 
Remark 2.7. Obviously, Lyapunov-type inequality (2.32) in Corollary 2.6 is still better than (1.18), which is the main result
in [3].
3. Lyapunov-type inequalities for system (1.21)

















, i = 1,2, . . . ,n. (3.2)
Theorem 3.1. Suppose that the following hypothesis (H4) is satisﬁed.







If system (1.21) has a solution (u1(t),u2(t), . . . ,un(t)) satisfying the boundary value conditions:
ui(a) = ui(b) = 0, ui(t) ≡ 0, ∀t ∈ [a,b], i = 1,2, . . . ,n, (3.3)
























∣∣uk(t)∣∣αk dt, i = 1,2, . . . ,n. (3.5)





















∣∣u′i(τ )∣∣pi dτ , a t  b, i = 1,2, . . . ,n. (3.6)
a






















∣∣u′i(τ )∣∣pi dτ , a t  b, i = 1,2, . . . ,n. (3.7)













∣∣u′i(τ )∣∣pi dτ , a < t < b, i = 1,2, . . . ,n. (3.9)
In fact, if (3.9) is not true, then it follows from (3.8) that there exist i0 ∈ {1,2, . . . ,n} and t∗ ∈ (a,b) such that




∣∣u′i0(τ )∣∣pi0 dτ . (3.10)











∣∣u′i0(τ )∣∣pi0 dτ . (3.12)
















∣∣u′i0(τ )∣∣pi0 dτ ,
which, together with the Hölder inequality, implies that there exists a constant c1 such that
ri0(τ )
∣∣u′i0(τ )∣∣pi0 = c1[ri0(τ )]1/(1−pi0 ), a τ  t∗. (3.13)
Similarly, it follows from (3.7), (3.12) and the Hölder inequality that there exists a constant c2 such that
ri0(τ )
∣∣u′i0(τ )∣∣pi0 = c2[ri0(τ )]1/(1−pi0 ), t∗  τ  b. (3.14)
Since u′i0 (τ ) is continuous at τ = t∗ , then (3.13) and (3.14) imply that c1 = c2. If c1 = c2 = 0, then u′i0 (τ ) = 0 for τ ∈ [a,b],
it follows from (3.6) that ui0(t) = 0 for t ∈ [a,b], which contradicts (3.3). If c1 = c2 = 0, then |u′i0(τ )| > 0 for τ ∈ [a,b], it
follows from (3.6) that ui0 (b) = 0, which contradicts the fact that ui0 (b) = 0. Therefore, (3.9) holds. Now, it follows from
(3.3), (3.5), (3.6), (3.9), (H4) and the generalized Hölder inequality that










































ζi(t) + ηi(t) f
+
j (t)dt, i, j = 1,2, . . . ,n. (3.16)




∣∣u j(t)∣∣p j dt > 0, i, j = 1,2, . . . ,n. (3.17)




∣∣u j0(t)∣∣p j0 dt = 0. (3.18)


















∣∣uk(t)∣∣αk dt = 0.
It follows from the fact that ri0(t) > 0 that
u′i0(t) ≡ 0, a t  b. (3.19)
Combining (3.6) with (3.19), we obtain that ui0 (t) ≡ 0 for a  t  b, which contradicts (3.3). Therefore, (3.17) holds. From








i j > 1. (3.20)
It follows from (3.16) and (3.20) that (3.4) holds. 
Corollary 3.2. Suppose that hypothesis (H4) is satisﬁed. If system (1.21) has a solution (u1(t),u2(t), . . . ,un(t)) satisfying (3.3), then















X.H. Tang, X. He / J. Math. Anal. Appl. 385 (2012) 72–85 83Proof. Since




, i = 1,2, . . . ,n,
it follows from (3.4) and (H4) that (3.21) holds. 
Corollary 3.3. Suppose that hypothesis (H4) is satisﬁed. If system (1.21) has a solution (u1(t),u2(t), . . . ,un(t)) satisfying (3.3), then










































, i = 1,2, . . . ,n,
it follows from (3.21) and (H4) that (3.22) holds. 
From Corollary 3.3, we obtain the following corollary immediately.
Corollary 3.4. Suppose that hypothesis (H3) is satisﬁed. If system (1.17) has a solution (u1(t),u2(t), . . . ,un(t)) satisfying (3.3), then








> 2A(b − a)1−A, (3.23)
whereA=∑ni=1 αi .
Remark 3.5. Obviously, Corollary 3.4 coincides with Corollary 3 in [7].
Remark 3.6. When n = 1, Theorem 3.1 and Corollary 3.2 reduce to Theorem 2.2 and Corollary 2.3, respectively. Therefore,
Theorem 3.1 generalizes or improves all related existing Lyapunov-type inequalities.
4. Lower bounds for generalized eigenvalues
In this section, we apply our Lyapunov-type inequalities to obtain a lower bound for the generalized eigenvalues of
problem (1.1) with (1.2).
Let (λ1, λ2, . . . , λn) be generalized eigenvalue of problem (1.1) with (1.2) and (u1(t),u2(t), . . . ,un(t)) be the eigenfunc-
tions associated with (λ1, λ2, . . . , λn). Then (u1(t),u2(t), . . . ,un(t)) is a solution of system (1.21) satisfying the boundary
value conditions (3.3), where ri(t) = 1 and f i(t) = λiαiq(t) > 0 for i = 1,2, . . . ,n. By using techniques similar to Napoli and
Pinasco [17], we can obtain the following theorem.
Theorem 4.1. Assume that 1 < pi < ∞, αi > 0 satisfy∑ni=1 αipi = 1, and that q(t) is a real-valued positive continuous function deﬁned
on R. Then there exists a function g(λ1, . . . , λn−1) such that λn > g(λ1, . . . , λn−1) for every generalized eigenvalue (λ1, λ2, . . . , λn)
of system (1.1) with (1.2), where g(λ1, . . . , λn−1) is given by











[(t − a)(b − t)]pi−1










































[(t − a)(b − t)]pi−1

















[(t − a)(b − t)]pi−1





This completes the proof of Theorem 4.1. 
When n = 2, problem (1.1) with (1.2) reduces to one-dimensional quasilinear elliptic system resonant type (1.5) with
the Dirichlet boundary conditions (1.6). Applying Theorem 4.1 to problem (1.5) with (1.6), we have the following corollary
immediately.
Corollary 4.2. Assume that 1 < p1, p2 < ∞, α1,α2 > 0 satisfy α1p1 +
α2
p2
= 1, and that q(t) is a real-valued positive continuous func-
tion deﬁned on R. Then there exists a function g(λ1) such that λ2 > g(λ1) for every generalized eigenvalue (λ1, λ2) of problem (1.5)

















[(t − a)(b − t)]p1−1
(t − a)p1−1 + (b − t)p1−1 <
(b − a)p1−1
2p1




[(t − a)(b − t)]p2−1
(t − a)p2−1 + (b − t)p2−1 <
(b − a)p2−1
2p2





























where h(λ) is deﬁned by (1.7).
Remark 4.3. (4.4) shows λ2 > g(λ1) gives a better lower bound g(λ1) than (1.7) (h(λ1)).
Remark 4.4. It is not diﬃcult to see that (4.1) also gives a better lower bound than (30) in [8, Theorem 9].
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